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We considera single passageof the circulating beam
throughsomeset of collimators,primary and secondary
ones,all locatedin a bendfree latticesection.We assume
that theprimarycollimatorsare“pure scatters”– circulat-
ing particlesscatterat their edges(andonly there)in for-
warddirectionthuscreatingsecondaryhalo. Thefunction
of the secondarycollimatorspositionedat a little higher
aperture��� is to interceptthe halo. The secondariesare
“black absorbers”– any particletouchingthemis consid-
eredlost.

In this reportwe investigatethefollowing problems[1],
[2]:

Let’s fix the lattice of the collimation sectionand the
collimators. How to computethe maximumbetatronin-
variants(amplitudes)of asecondaryhaloparticlesurviving
all secondarycollimators: in-planehorizontal

����� ��	
���

���� � ���� ��� �� , vertical

��� � ��	
� � 
���� � ���� ��� �� and
combined

� ��	
� � 
���� � ���� � � ���� � ���� � � �� . In these
definitions� � � � � areinitial normalizedcoordinatesof halo
particles(pointsalongtheprimarycollimatorborders)and� �� � � �� are initial normalizedanglesrangingfrom  �! to� ! to describeall possibleforwarddirections.

For arbitrary optics andset of halo sources� � � � � and
for the caseof flat collimators(pairs of opposingjaws),����� ��	
�

,
� � � ��	
�

,
����	
�

arecomputedby thecodeDJ(Dis-
tribution of Jaws) [3]. Circularcollimatorscanbeapprox-
imatedby many-sidepolygonsandtreatedthe sameway.
Themappingprocedureimplementedin DJis equivalentto
lineartrackingbut is muchfaster.

To describemomentumcollimationin anarbitrarylattice
(matcheddispersionnon-zero)we consider[4] monochro-
matic " -fraction of the circulating beamand assumethat
the relative off-momentumoffset " �$#&%(')%

of the par-
ticles is the samebeforeand after scattering. The same
mappingtechniqueis then usedto computethe momen-
tum dependenceof the maximumbetatronic partsof the
amplitudesof escapingparticles:

� �*� ��	
��+ "-, , �.� � ��	
��+ "-, ,� ��	
�/+ "-, . Thesefunctionsaredecreasingin mostcasesand
continuousif thesetof sourcepointsis continuous.Some
restrictionsapplyonthevalueof thenormalizeddispersion
at the primary collimator and its derivative, if one wants
to protectover oneturn locationswith highestdispersion
aroundthering (theLHC arc).

For betatroncollimation, the combinedinvariant
�.��	
�

(importantfor theLHC) canbecomputedwithout a code,
by plottingcontoursof constant4D-emittanceon theplane
of initial betatronphases.In a simpleexample(lattice)we
show thatsmall

� ��	
�
canonly beobtainedif thedifference

betweenhorizontaland vertical betatronphaseadvances
(the split) variesalong the collimation section. The role

of thevaryingphaseadvancesplit wasfirst pointedout by
Risselada[5].

Next comesthe optimizationproblem: whereandwhat
secondarycollimatorsoneshouldlocateto get minimum�.�*� �.	��

,
� � � �.	��

,
�.��	
�

for a given " (or a combination
of thesetaken with someweights)? The code provides
automaticminimization procedure(simulatedannealing
method)which has the advantagethat it producesmany
equivalentsolutions(secondaryjaw distributions).

1 2-STAGE BETATRON COLLIMATION
SYSTEMS

1.1 1D case

In caseof collimation in a plane,Fig 1, theprimarycolli-
mator is locatedat 02143 at amplitude�.5 (in units of 6 )
and the secondaryonesare at amplitude ���879�.5 . The
phaseadvancealongthebeamlineis : + 0;, , with : + 3�,<183 .
The halo sourcesare two points � � 1>= �.5 with initial
non-normalizedangleswithin

+  @?� � ? � ). The task is to
find secondaryjaw configurationthat minimizes

����	
�A�

���� � �� � � � �� (maximum is taken over all normalized
angles� �� correspondingto surviving trajectories).Theop-
timum configurationis: two secondarycollimatorslocated
atphases:CBEDEF andGH H:CBIDJF , where:CBEDEF � ��K�L
L
M 0 + �.5 ' ��� , .
The minimum value is

� ��	
� 1 ��� and at optimum the
maximuminitial anglecorrespondingto surviving trajec-
tory is N � �� � ��	
� NO1 � ��  � � 5 . We noticethat

� ��	
� 1 ���
is thesmallestachievableamplitude,i.e. thesystemactsas
a “1 D pipe”.

1.2 2D case, circular symmetry

All primaryandsecondarycollimatorsarecircularandthe
horizontalandvertical phaseadvancesareequalPCQ/RTSVU�WPCX*RYSVU for all S . Thehalois definedby: Z�[\�]_^*[\@W�`�[ a with
non-normalizedanglesin bothplaneswithin ( b@c[�d c [ ). The

aim is to minimize e.f�g
Qihkj�l�Z Z [\ ]_Z(m [\ ]_^ [\ ]n^�m [\ .
TheoptimumphasesareP Q*o pIqJr , s@btPCX o pEqJr andsvu�w . Using
the two optimum collimatorsdescribedabove 1D pipe is
createdin eachx andy plane,but alsoa third collimatorat



phaseG '�x hasto beaddedin orderto minimize
� ��	
�

. For
instancewith � 5 1�y � � � 1{z , onegets

���.	��}|�~/� x
.

1.3 2D case, arbitrary lattice

Now let the lattice is describedby two arbitraryphasead-
vancefunctions : �/+ 0V, � : � + 0;, with : ��+ 3�,21�: � + 3�,21$3
and the halo sourcesandminimizedobject

� ��	
�
are the

sameasin the previoussection. Equivalently, we cande-
scribe the optics by the “split function” :.� + :���, where:�� + 0V, � : � + 0V,�=�: � + 0;, . What is the optimumarrange-
mentof secondarycollimators?

– it canbe foundnumericallyfor thecaseof jaws. The
algorithmis givenin thenext chapterfor themoregeneral
caseof momentumcollimation(arbitrary " ).

– a“2D pipe” canbebuilt for everysourcepoint(� � � � � )
in the following way. Oneshouldplacea collimator for
everysolution(pair : � � : � ) of theequation:+ � � , ������ � : �

� + � � , ������ � : � 1 �
�� (1)

If so,thentheabsoluteminimum
� �.	�� 1 ��� is achieved.

This definition may look too abstractbecause1) even
for onesourcepoint it requiresaninfinite numberof colli-
matorsand2) if � � ,� � areunequalandbothnon-zerothen
realisticlatticessatisfyingit do not exist. We expecthow-
ever thatfor solutionsproviding

�.��	
�}| � � , i.e for a large
numberof optimizedcollimatorsin a “good” lattice, the
optimumsetof phasesis not far from the idealone. It can
alsobedemonstratedthatin orderto minimize

� ��	
�
lattice

locations 0 with both large andsmall split :.� + 0V, mustbe
present.Theproof is basedon the“methodof contours”–
analternativemethodto compute

� ��	
�
without any code.

We postponewith thisuntil Chapter3.

2 OPTIMIZATION OF A JAW COLLIMATION
SYSTEMS (BETATRON AND MOMENTUM) BY

CODE DJ (DISTRIBUTION OF JAWS).

2.1 Halo definitionfor "t�1�3
To definethehalowe follow themotionof somecirculat-
ing particlewith "@�1�3 , whichbecomesparticleof thehalo
troughscatteringat point ��1 + � � � � � , (angleandampli-
tudejump).

The horizontal invariant before the scatter(Fig 1) is� ��� �Y���E�O����	
� 1�N � �  �"H� � N and after the scatterthe in-
variantsare:horizontal

� �/+ � � � � �� ,�1 + � �  �"E� � , � � + � ��  �"E� �� , � (2)

andcombined
� + � � � � �� ,�1 + � �  �"E� � , � � + � ��  �"E� �� , � � � ���� � � ��

(3)
Within thecollimationsection(thereareno bends;the ra-
dius vectorsof 3 and4 performrigid rotationaroundthe
origin) thehalotrajectory3 is:

� + 0V,�1 � � ���-� : ��+ 0V, � � �� �I��� : �/+ 0;, (4)

(+ similar for y). Here� � �.�  ¡ �E¢ is thenormalizeddisper-

sion £ � �183 is thematcheddispersion,¤ is theemittance.
Everywhereindex 3 denotesvaluesat theprimarycollima-
tor (point � ) and � � denotesderivativeof � with respectto
thehorizontalphaseadvance: � .

In theLHC case,with onepairof opposingprimaryjaws,
Fig 1, thehaloexists(

�.�*� �Y���I���¥�T	
� �183 ) if 1) N � � NO¦�N§"E� � N
and2) � � hasthe samesign as "E� � (the circle shouldnot
intersecttheopposingjaw). Only thosesources� � � � � con-
tributeto the " -fractionof thehalofor which 1) and2) are
simultaneouslyfulfilled. If � � is positive,thenthehalomo-
mentasatisfy: N§"VN©¨�" ��	
� �«ª­¬�®�¯ N � � N ' � � , where

ª­¬�®�¯
meansmaximumover thesources� .

Figure 1: 1 Circulating beamparticle invariant circle. 2
Scattering.3 Secondaryhalotrajectory. 4 " -centremotion.

2.2 Halo Computationfor "t�1�3 (codeDJ)

Eachpair of opposingparalleljaws is definedby its longi-
tudinalcoordinate0 andtilt angle° aroundthelongitudinal
axis. For fixed jaws, lattice functions : �/+ 0;, , : � + 0V, , � + 0V,
and " , the maximumamplitudes

� �*� ��	
�
,
��� � ��	
�

,
� ��	
�

surviving all secondaryjawsarecomputedasfollows:
1. Generate ± ¯ points �k1 + � � � � � , alongprimaryjaw

borders;
2. For eachpoint � :
– map(Fig 2) the line boundariesof all secondaryjaws

on theplaneof initial-angles
+ � �� � � �� , by usingthe reverse

of (4) ( " -independentlineartransform)
– findall intersectingpointsof line-images;amongthese

pointsfind thevertices
+ � �� � � �� , �©+�² 1´³ �µ��� ±·¶

¯�¸
¹ �T� F , of the“es-

capewindow(a polygon)”.
– computeat eachvertex

� �*� � 1 � �/+ � � � � �� � � ,
– find thelargest

� ��� �
:
� ��� ��	
�*� ¯ 1 ª}¬-® � � ��� �

3. Repeatthe samefor all points � andcomputethe
maximumof themaxima:� ��� ��	
� 1 ª­¬�®�¯º� ��� ��	
�*� ¯<» �½¼ �¿¾À¾ % K ² 
���KÁ� ��Â�Ã

DJ alsostoresthemaximuminitial anglecorresponding
to surviving trajectoryandthevertex index corresponding
to
�.�*� ��	
�

(maximumvertex). Thesameis donefor
�.��	
�

and
� � � ��	
�

.
Theescapepolygon

+ � �� � � � � �� � � , is independentof " . It de-
pendsonly on thelattice andthejaw setup,andrepresents
an escapewindowin anglespace, whosecorners move, or
maybescreenedout,asthesource � is varied.



Figure 2: (a) - Normalizedcoordinatespace(above) and
anglespace(below) at the longitudinalposition 0 D �I����	
� �
of theprimarypair of jaws; (b) N secondarypairsof jaws.
For eachpoint P: 1) eachpair of parallel lines (stripe) in
coordinatespaceis mappedinto a stripein anglespace;2)
the overlapregion of all stripesforms the escapepolygon
(shaded).

2.3 " -dependenceof thehalo limits. Therequirementfor
zero derivativeof the normalizeddispersion at the
primarycollimator.

In the LHC only horizontal primary jaws are present
( N � � N�1 � 5 ), thereforeafter minimizationthe source�91+ � � � � � , producing

�.��	
�
is for all " the outermostpoint

of the jaw (theonewith maximum� � ). Onecantherefore
assumefor a while that � is fixed.

We representthesurviving haloon theplaneamplitude-" , for simplicity taking only the fraction with " 7 3 .
The invariantsof surviving particlesare below the curve� ��	
�/+ "-, . This curve is continuousif the sourcesare,al-
thoughits derivativemaynot be.

If the maximumvertex
+ � �� � �ÀÄ � � �� � �ÀÄ , is fixed the (ex-

plicit) dependenceon " is givenby:

� ��	
� 1 + � �  �"E� � , � � + �(�� � �ÀÄ  �"E� �� , � � � ���� ��� �� � �ÅÄ
(5)

If thenormalizeddispersionderivativeat theprimarycolli-
mator N � �� N is zero,thenthemaximumvertex index doesnot
changeand

� ��	
�
is givenby (5) for all " – monotonously

decreasingfunction, Fig 3 (left). If � �� is nonzero,then� ��	
�/+ "-, is composedof mini-curvesof thekind (5), each
correspondingto a new maximumvertex, Fig 3 (right). In
this case

�.��	
� + "-, is still decreasing,but not asfast.From
this pointof view havingsmall N � �� N is preferred,but not an
absoluteconditionfor momentumcollimation.

Fig 3 shows the vertices of the escape polygon+ � �� � � � � �� � � , and
�9�Æ�.��	
�

, which is definedasthe max-
imumdistancefrom thepointT to avertex. As " increases,
T advancesto T� , themaximum-vertex changes,but

� ��	
�
is continuous(A=A � ). In thecase� �� 1�3 , T remainsonthe

Figure3: " dependenthalolimits

Figure4: Escapepolygonandmaximumvertex

ordinateaxisandthemaximumvertex is independentof " .
Anotheradvantageof placingthe primary collimator at

a locationwith � �� 1k3 is that minimizationof
� ��	
�

can
bedonewith equalresultsfor any " . This is becauseboth
the escapingpolygonandthe index

²IÇ
are " -independent.

An optimumjaw arrangementfound for "�1È3 (betatron
collimation)remainstheoptimumonefor any " .

If the setof sources� is arbitrary (skew primary also
present)the maximumsource� may alsochangewith " .
In general

�.��	
� + "-, is built of mini-curves(5) eachcorre-
spondingto a differentvalueof � � � � � and/orof themaxi-
mumvertex

² Ç
.

2.4 Protectingring locationswith maximumdispersion.
The requirementfor high normalizeddispersion at
theprimarycollimator.

Wedenoteby ± 	
�E� ( 6 � units)theavailablehorizontalaper-
ture at a ring location wherethe dispersion£ � is maxi-
mum. At this location � � 1�� 	
�E� and the halo particle
coordinate(4) is:

� 	
�E� 1 � � ����� + : �*� 	
�E� � : � , � "É� 	
�E�ËÊ � � � "E� 	��I� (6)

OnFig 3, left andright, thesecondaryhalooccupiesanarea
restrictedfrom below by the line representingtheprimary
collimator (with slope � � ) and from above by the curve�.�*� �.	�� + "-, . For thearc to beprotected(� 	
�E� ¨ ± 	
�I� ) the
latter curve shouldbe below the line representingthe arc
(slope� 	��I� ):

� ��� ��	
� ¨ ± 	
�E�  �"E� 	
�E� (7)



A large normalizeddispersionat the primary � � | � 	
�E�
(nearlyparallel lines) is neededbecauseit provideswider
amplitudeinterval for thehaloat " near " �.	�� .

For example we take as before � � 1 �.5 , � �� 1Ì3
and assumethat a 1D pipe is createdin the horizon-
tal plane. The value of the maximumvertex is known:� �� � �ÀÄ � 1 � ��  � � 5 andwe canuseit to compute(7) for"81Í" �.	�� 1 � � ' � � . In the expressionfor

� ��� ��	
�
((5)

without the � terms)the first term underthe squareroot
disappearsand we get

����� ��	
� 1 � �� � � Ä � 1 � ��  � � 5 .
Theconditionfor protectedarcis:

� ��  � � 5 � + � 	
�E� ' � � , �.5 ¨ ± 	��I� � (8)

To improve things one can decreaseeither the ratio� 	
�I� ' � � , or both �.5 and ��� . The latter choicemay cause
theprimarycollimatorto cut into thecirculatingbeamrect-
anglenearthebucket edge,Fig 3. Theverticalsizeof this
rectangleis definedby thebetatronprimaries.

With LHC parameters: �.5 1ÌÎ , ��� 1 ~
, � 	
�I� 13 � ³
y '   ¤ � , � � 1Ï3 � x�'   ¤ � the condition (8) becomes± 	
�E� 7 ³
3 � Ð .

3 SIMPLE BETATRON COLLIMATION THEORY
WITH PHASE ADVANCE SPLIT

3.1 The halo emittancefunction Ñ and the collimator
functionÒ

Halois definedby initials: � � � � � onthecircle � �� � � �� 1 � � 5
andnormalizedangles �!Ó¨ � �� ¨Ô! ,  �!Õ¨ � �� ¨Ô! .
We introduceinitial phases: � � � : � � asshown onFig 5.

Figure5: Definitionof : � � � : � � .
Thehalotrajectoriesare

� 1 ��� � ���-� + : � �  Ö: � , � (9)

where
� � � 1 � ���� �(� �� 1 � � ' ����� : � � (similar for y).

Thefour dimensionalemittanceof particlesin thehalopro-

ducedby the source� � � � � is
� 1 � � � �×� � � � �

so we

denoteÑ � + �×' ��� , � :
Ñ + : � � � : � � ,�1

+ � � ' ��� , ����-� � : � �
� + � � ' ��� , ����-� � : � � (10)

Ñ asalways positive and reachesa minimum for : � � 13 � : � � 1½3 , with value � � 5 ' � �� ¨Æ³ . Ñ hasperiodicitiesG
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Figure 6: Functions Ñ + : � � � : � � , (top) andÒ + : � � � : � � � 3 � Ð-Ø�Ð � 3 � Ð-Ø-Ð , (bottom) on the square ? � ¨Ù: � � � : � � ¨ ? � . Ò is below Ñ except at the
collimatorpointwherethey aretangent

in bothcoordinates.ThesurfaceÑ lookslikeabowl thatis
asymptoticto a squarechimney, Fig 6 (top).

Considera secondarycollimator locatedat phasead-
vances: � � : � . At suchcollimator:

� 1 � � � ���-� + : � �  Ö: � , » � 1 ��� � ���-� + : � �  _: � , (11)

All particlesfor which
+ � � � � � , ' � �� 7 ³ arestopped,so

wedefinethesecondarycollimatorfunction Ò
Ò + : � � � : � � � : � � : � ,�1 (12)+ � � ' � � , ����-� � : � � ���-�

� + : � �  _: � , �
+ � � ' � � , ������ � : � � �����

� + : � �  Ö: � ,
Particleswith Ò 7 ³ arestopped.Ò hasthesameperiodic-
ity andsameasymptotesasÑ sowemaycomparethemdi-
rectly. Thecollimatorfunction Ò , Fig 6 (bottom),is every-
wherebelow Ñ exceptat thepoint : � � 1�: � � : � � 18: � ,
where they are tangent.

3.2 Betatron collimationanalysis

For example, we take some source point � � ' ��� 13 � Ð � � � ' ��� 193 � z + �.5 ' ��� 1Æ3 � Î-y ) and locatein the lat-
tice a singlecircular collimatorat phases: � 1«: � 1´:CB ,



where: � 1½3 � Ð-Ø�Ð is the solutionof Ñ + :CB � :CB�, =1), hence
thecollimatorpairphasesis onthecontourÑ =1(thereason
will becomeclearsoon)

Fig 7 shows several contoursof Ñ and the contourÒ + : � � � : � � � 3 � Ð-Ø�Ð � 3 � Ð-Ø-Ð , =1. The normalized squared����	
�
is simply the maximum Ñ -contourvalue that can

be found within the “escapewindow” which is the inside
portionof thecontourÒ =1,Fig 8.

Now wetake four collimators(Fig 9) at phases:
1: (:CB � :CB ) , split = 0
2: (  Ú:CB �  Ú:CB ), split = 0
3: (:CB �  Ú:CB ) , split = 2:CB
4: (  Ú:CB � � :CB ), split = -2:CB
The intersectionof the insideportion of all four contours
givesthe setof particlesescapingthe system. The maxi-
mum“escaping”Ñ is ³ � Ø , so

�.��	
� 1   ³ � Ø � � = 1.14 � �
The surfaces Ñ and Ò are tangentat the collimator

point. Thereforelarge
���.	��

cannotescapeif thecollima-
tor phasesarechosennearthe contour Ñ =1 andthis con-
tour is surroundedby collimator contoursfrom all sides.
The lastconditionis only possibleif someof the collima-
tors are at locationswith large enoughsplit betweenthe
horizontalandverticalphaseadvances. If thereis collima-
tor for eachsolutionof Ñ + : � � : � ,­1 1, thenall particles
with Ñ ��	
� 7 ³ will bestopped(2D pipe).
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(bottom).
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