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We considera single passageof the circulating beam
through someset of collimators, primary and secondary
ones,all locatedin a bendfree lattice section.We assume
thatthe primary collimatorsare “pure scatters’™ circulat-
ing particlesscatterat their edges(andonly there)in for-
ward directionthuscreatingsecondanhalo. The function
of the secondarycollimators positionedat a little higher
aperturens is to interceptthe halo. The secondariesre
“black absorbers™ ary particletouchingthemis consid-
eredlost.

In this reportwe investigatethe following problemg1],
[2]:

Let’s fix the lattice of the collimation sectionand the
collimators. How to computethe maximumbetatronin-
variants(amplitudespf asecondarhaloparticlesurviving
all secondarycollimators: in-planehorizontal A, 0z =

mazy/xd + xf, vertical Ay a0 = mazy/yé + yi¢ and
combinedA, .. = mar\/23 + 2 + v +yi. In these
definitionszg, yo areinitial normalizedcoordinate®f halo
particles(pointsalongthe primary collimatorborders)and
xg, Yo areinitial normalizedanglesrangingfrom —oo to
+oo to describeall possibleforwarddirections.

For arbitrary optics and set of halo sourceszg, o and
for the caseof flat collimators (pairs of opposingjaws),
Az mazs Aymaz, Amae arecomputedoy thecodeDJ (Dis-
tribution of Jaws) [3]. Circularcollimatorscanbe approx-
imatedby mary-side polygonsandtreatedthe sameway.
Themappingprocedurémplementedn DJis equivalentto
lineartrackingbut is muchfaster

To describemomentuncollimationin anarbitrarylattice
(matcheddispersiomon-zero)we consideff4] monochro-
matic §-fraction of the circulating beamand assumethat
the relative off-momentumoffsetd = Ap/p of the par
ticles is the samebefore and after scattering. The same
mappingtechniqueis then usedto computethe momen-
tum dependencef the maximumbetationic partsof the
amplitudesof escapingparticles: A, maz(9), Ay maz(0),
Apmaz (). Theseunctionsaredecreasingn mostcasesnd
continuousf the setof sourcepointsis continuous.Some
restrictionsapplyonthevalueof thenormalizeddispersion
at the primary collimator and its derivative, if one wants
to protectover oneturn locationswith highestdispersion
aroundthering (the LHC arc).

For betatroncollimation, the combinedinvariant A,,,q.
(importantfor the LHC) canbe computedwithout a code,
by plotting contoursof constanédD-emittanceon the plane
of initial betatronphaseslin a simpleexample(lattice) we
shaw thatsmall A,,,... canonly beobtainedf thedifference
betweenhorizontal and vertical betatronphaseadvances
(the split) variesalong the collimation section. The role

of the varying phaseadvancesplit wasfirst pointedout by
Risseladd5].

Next comesthe optimizationproblem: whereandwhat
secondancollimatorsone shouldlocateto get minimum
Az mazy Ay,mazy Amaz fOr agiven d (or a combination
of thesetaken with someweights)? The code provides
automatic minimization procedure(simulated annealing
method)which hasthe advantagethat it producesmary
equialentsolutions(secondaryaw distributions).

1 2-STAGE BETATRON COLLIMATION
SYSTEMS

1.1 1Dcase

In caseof collimationin a plane,Fig 1, the primary colli-
matoris locatedat s = 0 atamplituden; (in units of o)
andthe secondaryonesare at amplitudens > n;. The
phaseadwancealongthe beamlineis y(s), with 1(0) = 0.
The halo sourcesare two points g = +n; with initial
non-normalizedangleswithin (=%, %). The taskis to
find secondaryaw configurationthat minimizesA, ... =
maz+/x3 + zf (maximumis taken over all normalized
anglesz;, correspondingo surviving trajectories) Theop-
timum configurationis: two secondaryollimatorslocated
atphasegiop: andm — pigpe, Wherep,: = arccos(ni/na).
The minimum valueis A,,.. = no. andat optimumthe
maximuminitial anglecorrespondingo surviving trajec-
tory is |4, ,q.| = /13 — ni. We noticethat A,.a. = n2
is thesmallestachiezableamplitude j.e. thesystemactsas
a“l D pipe”.
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1.2 2D case circular symmetry

All primaryandsecondaryollimatorsarecircularandthe
horizontalandvertical phaseadvancesareequaly, (s) =
1y (s) for all s. Thehalois definedby: 22 + y2 = n? with
non-normalizednglesin bothplaneswithin (-3, 5). The
aim is to minimize A, = maz\/22 + 22 + yZ + yi2.
Theoptimumphasesire i, opt, T — fiy,0pt andm/2. Using
the two optimum collimatorsdescribedaborve 1D pipe is
createdn eachx andy plane,but alsoathird collimator at




phaser/2 hasto beaddedn orderto minimize A,,,,... For
instancewith ny = 6,no = 7, onegetsA,, 4. ~ 9.2.

1.3 2D case arhitrary lattice

Now let the lattice is describedy two arbitraryphasead-
vancefunctions 1, (), p1,(s) with 11,,(0) = gy, (0) = 0
andthe halo sourcesand minimized object A4,,,... arethe
sameasin the previous section. Equivalently, we cande-
scribe the optics by the “split function” p~(u*) where
pE(s) = pg(s) £ py(s). Whatis the optimumarrange-
mentof secondangollimators?

— it canbe found numericallyfor the caseof jaws. The
algorithmis givenin the next chapterfor the moregeneral
caseof momentunrcollimation (arbitrarys).

—a"“2D pipe” canbebuilt for everysourcepoint(zg, yo)
in the following way. One should placea collimator for
every solution(pair 1, 1) of theequation:
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If so,thentheabsoluteminimum A,,,,.. = ns is achieved.

This definition may look too abstractbecausel) even
for onesourcepointit requiresaninfinite numberof colli-
matorsand2) if xg,yo areunequalandboth non-zerathen
realisticlatticessatisfyingit do not exist. We expecthow-
everthatfor solutionsproviding A,,,.. ~ ns, i.efor alarge
numberof optimized collimatorsin a “good” lattice, the
optimumsetof phasess not far from theidealone. It can
alsobedemonstratethatin orderto minimize A4, lattice
locationss with bothlarge andsmall split 1~ (s) mustbe
present.The proofis basedon the “methodof contours™
analternatve methodto computeA,,, ... withoutary code.
We postponewith this until Chapter3.

2 OPTIMIZATION OF A JAW COLLIMATION
SYSTEMS (BETATRON AND MOMENTUM) BY
CODE DJ (DISTRIBUTION OF JAWS).

2.1 Halo definitionfor § # 0

To definethe halo we follow the motion of somecirculat-
ing particlewith § # 0, whichbecomearticleof the halo
troughscatteringat point P = (zq, y0) (angleandampli-
tudejump).

The horizontal invariant before the scatter(Fig 1) is
Ay cire beam = |To — § 10| and after the scatterthe in-
variantsare: horizontal

Aq(wo,h) = /(w0 — d10)? + ( — 02

andcombined

Ao, ) = 1/ (20 — 10)? + (ah — 614)* + 93 + ui?
®3)
Within the collimation section(thereareno bends;the ra-
dius vectorsof 3 and4 performrigid rotationaroundthe
origin) the halotrajectory3 is:

(2)

(4)
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(+ similarfor y). Heren = D; is thenormalizeddisper

€

sion D, # 0 is thematcheddispersiong is the emittance.
Everywhereindex 0 denotes/aluesatthe primary collima-

tor (point P) andn’ denotederivative of 7 with respecto

thehorizontalphaseadvancey, .

In theLHC casewith onepairof opposingorimaryjaws,
Fig 1, thehaloexists (A, circ beam 7 0) if 1) |xo] > [0m0]
and2) xo hasthe samesign asdng (the circle shouldnot
intersectheopposingaw). Only thosesourcestg, yo con-
tributeto the §-fraction of the halofor which 1) and2) are
simultaneouslyulfilled. If 7 is positive,thenthehalomo-
mentasatisfy: |§] < dmae = maxp |zo|/n0, Wheremaxp
meangmaximumover thesourcesP.
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Figure 1: 1 Circulating beamparticle invariantcircle. 2
Scattering 3 Secondanhalotrajectory 4 §-centremotion.

2.2 Halo Computatiorfor § # 0 (codeDJ)

Eachpair of opposingparalleljaws is definedby its longi-
tudinalcoordinates andtilt anglex aroundthelongitudinal
axis. For fixed jaws, lattice functions 1, (s), 1y (s), n(s)
andd, the maximumamplitudesA; naz, Ay,maz, A
surviving all secondaryaws arecomputedasfollows:

1. Genenate Np pointsP = (zo, yo) alongprimaryjaw
borders;

2. For eachpoint P:

—map(Fig 2) the line boundarieof all secondaryaws
on the planeof initial-angles(xy, y;) by usingthe reverse
of (4) (6-independenlineartransform)

—find all intersectingoointsof line-imagesamongthese
pointsfind thevertices(x{, y()i (i = 1...Nf,fr)t) of the“es-
capewindow/(a polygon)”.

—computeateachvertex A, ; = A, (o, xgyi)

—find thelargestA, ;: Az maz,p = max; Ag;

3. Repeatthe samefor all points P and computethe
maximumof themaxima:

Az maz = maxp Az maz,p; P € all primary POJ

DJ alsostoresthe maximuminitial anglecorresponding
to surviving trajectoryandthe vertex index corresponding
t0 Ay mar (Maximumvertex). The sameis donefor A,
andA, may -

Theescapeolygon(zg ;, g ;) isindependenofs. It de-
pendsonly onthelattice andthejaw setup,andrepresents
an escapevindowin anglespace whosecorners move, or
maybe screenedut, asthe source P is varied.
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Figure2: (a) - Normalizedcoordinatespace(above) and
anglespace(below) at the longitudinal position s,,imary
of the primary pair of jaws; (b) N secondarypairsof jaws.
For eachpoint P: 1) eachpair of parallellines (stripe)in
coordinatespaces mappednto a stripein anglespace?)
the overlapregion of all stripesforms the escapepolygon
(shaded).

2.3 4-dependencef thehalolimits. Therequirementor
zep derivative of the normalizeddispession at the
primary collimator.

In the LHC only horizontal primary jaws are present
(|zo| = n1), thereforeafter minimizationthe sourceP =
(z0,y0) producingA,,.. is for all § the outermostpoint
of the jaw (the onewith maximumy,). Onecantherefore
assumdor awhile that P is fixed.

We representhe surviving haloon the planeamplitude-
4, for simplicity taking only the fraction with § > 0.
The invariantsof surviving particlesare below the curve
Amaz(9). This curveis continuousif the sourcesare, al-
thoughits derivative may not be.

If the maximumvertex (g ; ., ,) is fixed the (ex-
plicit) dependencen § is givenby:

Amam = \/(1’0 - 57}0)2 + (‘r(),iA - 57]6)2 + y(z) + y627LA
(5)
If thenormalizeddispersiorderivative atthe primarycolli-
mator|n;| is zero,thenthemaximumvertex index doesnot
changeand A,,,... is givenby (5) for all § — monotonously
decreasingunction, Fig 3 (left). If n} is nonzero,then
Apmaz () is composedf mini-curvesof thekind (5), each
correspondindo a nev maximumvertex, Fig 3 (right). In
this caseA, 4. (0) is still decreasingbut notasfast. From
this pointof view havingsmall|r;| is preferred, but notan
absoluteconditionfor momentuntollimation.

Fig 3 shows the vertices of the escape polygon
(20,i»Y0,;) and A = Apqq, Which is definedasthe max-
imum distancdrom thepoint T to avertex. As § increases,
T advancedo T’, the maximum-\ertex changesbut 4,4
is continuougA=A"). In thecasen, = 0, T remainsonthe
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Figure4: Escapeolygonandmaximumvertex

ordinateaxisandthe maximumvertex is independentf §.

Anotheradvantageof placingthe primary collimator at
a locationwith 7, = 0 is that minimizationof 4,,,,, can
be donewith equalresultsfor anyd. Thisis becausdéoth
the escapingpolygonandtheindex i 4 ared-independent.
An optimumjaw arrangementound for 6 = 0 (betatron
collimation)remainsthe optimumonefor ary é.

If the setof sourcesP is arbitrary (skew primary also
present)the maximumsourceP may alsochangewith 4.
In generalA,, 4. () is built of mini-curves(5) eachcorre-
spondingto a differentvalueof xq, yo and/orof the maxi-
mumvertex i 4.

2.4 Protectingring locationswith maximundispesion.
The requirementfor high normalizeddispesion at
the primary collimator.

Wedenoteby N,,.. (o, units)theavailablehorizontalaper
ture at a ring location wherethe dispersionD,, is maxi-
mum. At this locationn, = 7. andthe halo particle
coordinatg4) is:

Tare = Az €0S(la,are + H0) + 0 Nare < Az +Mare (6)

OnFig 3, left andright, thesecondaryalooccupiesinarea
restrictedfrom below by theline representinghe primary
collimator (with slopeng) and from above by the curve
Ay mas(9). Forthearcto be protected(z,,-. < Nyre) the
latter curve shouldbe below the line representinghe arc

(sloperjarc):

Am,max < Narc - 67]arc (7)



A large normalizeddispersionat the primary g ~ 7ngc
(nearly parallellines) is neededbecauset provideswider
amplitudeinterval for thehaloat neard, 4 -

For example we take as beforezg = ny, ny, = 0
and assumethat a 1D pipe is createdin the horizon-
tal plane. The value of the maximum vertex is known:
z4,.,. = \/n3 —ni andwe canuseit to compute(7) for
0 = dmaz = To/no. In the expressionfor A, ez ((5)
without the y terms)the first term underthe squareroot
disappearsandwe get A; o = 24, = /13 —nj.
Theconditionfor protectedarcis:

\/n2 —n2 + (Nare/M0) N1 < Nare- (8)

To improve things one can decreaseeither the ratio

Nare/Mo0, OF bothn; andn,. The latter choicemay cause

the primarycollimatorto cutinto thecirculatingbeamrect-
anglenearthe bucket edge,Fig 3. The verticalsizeof this
rectanglds definedby the betatronprimaries.

With LHC parametersiny = 8, na = 9, Ngre =

0.16/\/€z, mo = 0.2/,/€; the condition (8) becomes

Ngre > 10.5.
3 SIMPLE BETATRON COLLIMATION THEORY
WITH PHASE ADVANCE SPLIT

3.1 The halo emittancefunction A and the collimator
functionC

Halois definedby initials: zq, yo onthecirclez? +y2 = n?
andnormalizedangles—oco < z( < oc,—00 < ¥y, < 0.
We introduceinitial phasegi.q, 1,0 asshavn onFig 5.
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Figure5: Definition of piz0, £ty0.
Thehalotrajectoriesare

r = AmO CcOos (,u/mO - ,um)u (9)

where Ao = a2 + 2 = x0/ cos o (similar for y).
Thefour dimensionakmittanceof particlesin thehalopro-

ducedby the sourcexo, yo is A = /A2, + A2, sowe

denoted = (A/nsy)?:

(z0/n2)?

cos? 140

(yo/n2)2
c0s? fyo

A(,uan /1'1/0) = (20)

A asalways positive and reachesa minimum for p,o =
0, iyo = 0, with valuen?/n3 < 1. A hasperiodicitiesr

Figure 6:
C (120, fyo. 0.535,0.535)
-5 < Hz0,Hyo < 5.
collimatorpointwherethey aretangent

Functions  A(pz0, fty0)  (top) and
(bottom) on the square
C is belov A except at the

in bothcoordinatesThesurface A lookslike abowl thatis
asymptotido a squarechimney, Fig 6 (top).

Considera secondarycollimator locatedat phasead-
vancesi,, jt,. At suchcollimator:

T = Ay cos (a0 — pha); Yy = Ayo cos (piyo — pty) (11)

All particlesfor which (22 +y?)/n3 > 1 arestoppedso
we definethe secondaryollimatorfunctionC

C(MTEC'? Hy0s P s My) = (12)

(90/”2)2 2
M cos (,uyo - My)

2
(z0/m2) cos?

— pg) +
COSQ /J,m(] MZE)

(MmO
Particleswith C > 1 arestopped( hasthe sameperiodic-
ity andsameasymptotess.4 sowe maycomparghemdi-
rectly. ThecollimatorfunctionC, Fig 6 (bottom),is every-
wherebelow A exceptat the point pizo = pe, fyo = fy,
wheie they are tangent

3.2 Betaton collimationanalysis

For example, we take some source point z/ny =
0.5,90/n2 = 0.7 (n1/ne = 0.86) andlocatein the lat-
tice a singlecircular collimator at phasesgi, = py = fo,



wherepg = 0.535 is the solutionof A(1,, 11,)=1), hence
thecollimatorpairphasess onthecontour.A=1 (thereason
will becomeclearsoon)

Fig 7 shavs several contoursof A and the contour
C(ptz0, Hyo,0.535,0.535) =1. The normalized squared
A ez 1S simply the maximum A-contour value that can
be found within the “escapewindow” which is theinside
portionof thecontourC=1, Fig 8.

Now we take four collimators(Fig 9) atphases:

1: (1o, o) , SPlit=0

2: (_Mov _,uo)v Sp“t: 0

3 (Moa —/1,0) ' Sp“t: 2//40

4: (_Mm +,u0)- Split: '2,u0

The intersectionof the inside portion of all four contours
givesthe setof particlesescapinghe system. The maxi-
mum“escaping”A is 1.3, S0 Anes = V1.3 1z = 1.14n0,

The surfaces. A and C are tangentat the collimator
point. Thereforelarge A,,,. cannotescapef the collima-
tor phasesare chosennearthe contour.4=1 andthis con-
tour is surroundedoy collimator contoursfrom all sides.
The lastconditionis only possibleif someof the collima-
tors are at locationswith large enoughsplit betweerthe
horizontalandvertical phaseadvancesif thereis collima-
tor for eachsolutionof A(u,, 1) = 1, thenall particles
with A0 > 1 will bestopped2D pipe).
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Figure7: ContoursA=0.75,1, 2, 5 (top) andcontourC=1
(bottom).



Figure 8: One collimator with betatron
phaseshoseronthecontourA4=1.

Figure9: Fourcollimatorswith phase®nthecontourA=1.



